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AHHOTamms. B cTaThe IpUBOAMTCS BBIBOM YpaB-
HeHuit MKD, no3BoJSIIOIINX TPOU3BOAUTL PACUET
KOPOTKUX TPYOOOETOHHBIX KOJOHH B IMJIOCKOM
yIIpyroi rnmocraHoBke. PaboTa cTaabHOI 000KMBI
MozaeupyeTcs: hepMEeHHBIMU KOHEYHBIMU 3JIEMEH-
TamMu. [Ipou3BoOaUTCS COMOCTaBAEHHUE MOJYYEHHBIX
pe3yIbTaTOB ¢ pe3yJbraTaMi BBIYMCICHUN C MC-
ITOJIb30BaHMEM OOBEMHBIX I 000JI0YeUHBIX KOHEU-
HBIX 2JIEMEHTOB.

KmoueBsie ciioBa: MK3D, BHeIIeHTpeHHOE CxKa-
THE, YUCICHHBIC METOIBI, TPYOOOETOHHBIC KOJIOH-
HbI, OCTOH.

Introduction

In modern high-rise construction, steel-reinforced
concrete structures are widely used, including struc-
tures consisting of a concrete core and a steel tube.
More acute is the question of improving regulato-
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Abstract. The article presents the derivation of the FEM equa-
tions, which make possible to calculate short concrete-filled
steel tubular columns in a plane elastic formulation. Steel tube
is modeled by 1D bar finite elements. The obtained results are
compared with the results of calculations using 3D solid and
shell finite elements.
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ry documentation, increasing the economic effi-
ciency and reliability of such structures based on
new theoretical and experimental data. Numerical
modeling of the CFST columns deformations in
existing finite element software requires significant
computing power and time. Correct accounting of
the tube affect on the concrete core stress-strain
state is possible only when using volumetric finite
elements for concrete and shell ones for steel [1; 2].

In this work, a technique has been developed for
converting the calculation of a short eccentrically
compressed CFST column in an elastic formulation
to a plane problem, which significantly reduces the
dimension of the stiffness matrix used in the cal-
culation, the required machine time and memory.

Derivation of resolving equations

We consider a short concrete-filled steel tubular
column of unit length shown in Fig. 1, loaded with
force F and moment M. Cross-section character-
istics are shown in Fig. 2.

Fig. 1. Column loading scheme

L Y
E, \9
// 7 X
//_
ts || db ts

Fig. 2. Cross section of the column

According to the variational principle of the
minimum total potential energy [3]:

ST+ 8V =0, (1)

I1 is the elastic strain energy, V is the potential of
applied forces.

In the further derivation of the equations, it is
assumed that the Navier’s hypothesis is satisfied.
Steel and concrete work together without sliding.
Normal strain along z axis:

e =& TV %o (2)

g, is the normal strain of the column’s central lon-
gitudinal axis and

d? /
XO - dzz
is the curvature of the longitudinal central axis
of the column, which are constant along the
length.

For the case shown in Fig. 1 with the fixed
support of the lower end of a unit length column,
taking into account the direction of action of the
load F:

& [F 3)
8V = Fde, + M3y, = .
0 M

The variation of the potential strain energy of
the column is the sum of the strain energies varia-
tions of the concrete core and the steel tube:

OIT = O8I, + 8I1, 4)
oI, = -[ (61881 +0,0¢e, +Gy5£y +1xy6~yxy)dA, o)
Ap
A, is the area of the concrete cross section part.

Using the generalized Hooke's law, we get:

J c,0e,dA = J (lb (ez +e + ey)+ 2ub81)881dA =

Ap Ap

= [ (n, +2u,)e 8e.dA+ (6)
Ay

+J. A, (ex +ay)Sesz =9I1,, +0I1,,,
4

here A,, u, are Lamé parameters [4].

g8 [
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_[ (GXSSX +0,8¢e, +71,07,, )dA =

Ap
T
Ay +21, Ay 0] e, €,
_[ A, Ay+20, 0 |4e, ¢ 89€, pdA |+
b 0 0 “’b ny yxy

T
80+yX0 gx
+_[kb €+ Vo 01 €, (dA=3I1,;+0ll,,.
& 0 Ty

(7

811, = [ (1, +2u,)[1 y]{;o}[l y]S{EO}dAz

4 0 Xo

ol Lol o
-t [, b

Transposing the right-hand side of expression
(8), and taking into account that the values of ¢,
%, and their variations are constant over the cross-sec-
tion, we get:

g, 1 g,
SH,,,:S{XO} /}[(Xb+2ub){y yyz}dA{xO}.@)

When modeling the concrete core, we will use
triangular finite elements. The contribution of a
single finite element to the total part of the poten-
tial energy variation oI, will be:

T
€ 1 vy €
SIS, =8 "} A, +20 [ ’"}-Ae-{ °}, 10
5 {Xo(b b)ym y,i v [ (10

Ac is the area of the finite element, y is the center
mass coordinate of the triangle.
We transform the second term from equation

(6):

SHbzz_[kb(sx+ey)[l y]dAS{;O}, (11)

for a single finite element:

st =, {0} {Ug J[1 v, ] A '8{;0}+

el gt bars| - |

0

=nfe} {Up}lt v, ]a '8{;0}

0

(12)

Here {U;,} is the nodal displacements vector of
the finite element in the section plane,

{U;/} = [u, Vi

node’s numbers, {b}T =

T . .
u, v, U vk] , Where i, j, k are

1
2A°

T 1
{ef =50 a6 0 ¢ 0 6l tg=10)+1a

the vector's {b} and {c} elements values b and ¢
depend on the coordinates of the element nodes
and are calculated similarly to the case of solving
the plane problem of the theory of elasticity using
the FEM [5].

Transforming expression (12) and transposing
with multiple use of the property for the product

of two matrices ([A][B])T = [B]T [A]T, we get:

€, ! 1 T o [rre
8H;2=8{X} x,,{ym}{g} Ac{ug ). (13)

0

[6 0 b 0 b 0]

Denote as:
A, +2u, A, 0
[D,]=| A,  A,+2u, 0| is stress-strain
0 0 Ky

elastic matrix, {8,,,}=[8x g, yxy]T is elastic

strain vector in the section plane. Then:

81, = [{e,} [D,]-8{e, Jaa (b

Ap

or after discretization:

o, = ([ 8, J{us ) (D) B, J{uz }a -
(3 o 21 [Bfus)) a= a9
=([n.](8,J3{v; ) [8, v} =
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=s{us ) [8,] (D] [B, Uy} ac=
=8{us ) [8,] [D][B, ]2 {us, ),

[D,]” = [D,] due to the symmetry of the stress-strain
elastic matrix, [Dp,] is strain-displacement matrix:

b 0 b 0 b 0
1
[BPIJ=EO ¢ 0 ¢ 0 ¢l
¢ b ¢ b ¢ b

! 4 J J

€+ X !
81'[,,4:ka €+ V%, ~8{ep,}dA=
Ay 0
. (16)
r|l y
J{x} 1oy| n,8{e, taa.
10 0
Discretizing equation (16), we obtain:
e | b '
81_[1;4:{ 0} Ly, xb[Bpl]'Ae'S{UZI}:
Xo 0 0
(17)
1y,
T T €
=3{Us} [B.] |1 v r Ae.{XO}
0 0 0
Thus:
OIT; = oIT;, + oI5, + oI5, +OI1;,, (18)

the terms OI1;; are determined for each plane finite
element using expressions (10), (13), (15), (17).
The concrete core total potential energy variation
is calculated by summing over the elements:

IT, = ) 8IT;.

Let [K] be the CFST column stiffness matrix of
dimension (2n + 2) x (2n + 2), n is the number of
nodes in the section, in each of which there are 2
degrees of freedom, 2 is the number of additional
degrees of freedom (g, and %), that determine the
column behavior along z axis direction. Then:

S[K]+3

(19)

[K]=[K,]+[K (K] (0)

[K,], [K,] are matrices that determine the contri-
bution of concrete and steel to the total stiffness
matrix. Due to the fact that equality (1) must be
valid for arbitrary values of variations, for a trian-
gular concrete finite element we get:

K§11 K/le

[KZ :| is the 8 x 8 finite element stiffness matrix.
A vector that determines the displacements of the
FE with nodes i, j, k:

{Ue}:[eo Xo W v u v

e2y)

b

T
uy Vk] )

the values ¢, and y, are common to all elements,
The submatrlces included in the composition I:K
in accordance with (10), (13), (15), (17) will be
equal:

ym m

[k ]= k+2ub[1 ';}
(K. ]- x{ (e o

];\’b A= [Kzfn >

[Ki]=[8.] [D][B. ]

Total nodal force vector:

[&in]=1

O = =
o =

[Pl=[-F -M 0 0 o],
with dimensions (2n + 2) x 1.

We model the steel tube with 1D bar finite ele-
ments with two translational degrees of freedom in
the section plane at each of the nodes (Fig. 2).

The tube has a smooth shape. It is loaded with
pressure from the side of the concrete core, con-
tinuously and smoothly changing along the circum-
ference of the inner face, therefore, outside the
fixed points there is a momentless biaxial stress state
of the shell, the rotational degrees of freedom in
the nodes of the steel bar FE are therefore not tak-
en into account.

90 [
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Fig. 3. 1D bar finite element

Strain potential energy of steel tube variation:

S = I(Gzéez +06,0¢, ) dA,

AS

(22)

A_ is area of the steel part of cross-section. Radial
stress in the tube 6~ 0 due to the small steel thick-
ness f, < D,.

Using the generalized Hooke's law and taking
into account the equality of radial stresses to zero,
we obtain:

o.=FEg_+v, (Exse + vscz) =0, =
E V,E,

S
= e, +
1-v: ° 1-v?

(23)

€.

. E
We denote E, = -

the relationship between normal stresses and strains
will take the form:

=FEe +v,Ee._. (24)

the equation for the circumferential stress is obtained
similarly by the permutation of the indices:

c,=Eg,+v,Ee.. (25)
Substituting (24), (25) in (22):

SI1, = [ E,e.de.dA+ | v,E,e,0e.dA+ | E e de,dA+

AS AX AS

+J. v, E ¢ 8e,dA =011, +8I1, + 81, +8I1,,.

(26)

We transform the term 311, similarly to the term

e g 2l

bl*
's

For a single bar finite element with length /:

r (28)
[
XO ym ym XO
e T
I, =8 0} { }E dA.

u,
be the nodal displacements of

(29)

Let {U_,i} =
the bar finite element in the section plane in the

local coordinate system, {U,i} =\u v, u v,
are in the global coordinate system, then

{ﬁ;} - [L]{U;},

where [L] is directional cosine matrix,

[L]_r s 0 O _ . Then:
“lo o r S,r cos o, s = sino.. Then:

gg:[_lie _H{U;}:[B,,]{Ué}Z[Bn][L]{Uf}}-
(31)

Equation (29) for a single finite element takes
the form:

T
- |1
BT, :5{80} stx{ }[B,
X Vo

B [LY{ue)([B,]L]8{Ue})ir.. 33)
Transposing (33), we get:

srie, =3{u;} [L]'[8,] [B,1[L]-Le{Us}. 34
ST, = 3¢5 £, v, [1 ym]{;(’ }lets =
=8{uel Ev, (L] [B,] 1 vulit, {Z }

(30)

Li{ug}. (32)

3ITe, = £, ([

(35)
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The total strain potential energy variation of the
steel tube calculated by summing over the elements:

8T, = Y 8T1; = Y (ST, + 1T, +3IT5, + 3112, ). (36)

Basing on (28), (32), (34), (35) and (36) for bar
finite elements we obtain:

[Ke]:[[m [K:az]}
K] (K]

I:Kf :| is FE stiffness matrix of dimension 6 x 6.
Vector defining the FE displacements with nodes

L {uet=le, 1 w v ou vj]T,

T
[K;l]:E{ y’;’}lets,

Y Vm

(37)

[Ki]=Ex | B2,

[KSEN ] = Esvs [L]T [Btr ]T [1 ym]lets = [Ksiz]r >
(K5 ]=[LT (8] [B,]1L] 1,

Using equation (20), we find the stiffness matrix
[K]. The problem is reduced to solving a system of
linear equations:

[K]{u}={P}. (9)
where {U}=[e, %, & Vv, w - u, v,] is
nodal displacements vector, # is the number of nodes
in the section.

Method of calculation

System (38) will be composed and solved using
the MATLAB software package. An example of
meshing using the «initmesh()» function is shown
in Fig. 4. The concrete core diameter is 0.2 m here,
node numbers are shown in black.

The stiffness matrix and the load vector com-
posing is performed using the formulas specified in
section 2 of the article.

The stresses are calculated after determining the
nodal displacements according to the formulas,
obtained from the generalized Hooke's law for con-
crete and steel elements:

0.02 0.04 006 0.8 0.1

Fig. 4. Finite element mesh made
with «initmesh()» function

e

O €+ YuXo
o, :[Db][Bpl]{Uzl}-"}“b &+ Vo (>
0

xy
oy =E, (80 + me0)+ Vy (chb + Gib)’

Ggs = Es [Btr][L]{Uti}-i-sts (80 +me0)'

The obtained results will be compared with the
results of calculations in the ANSYS software using
volumetric finite elements for concrete and shell
ones for a steel tube.

Results and discussion

When solving the test problem, we will use the
following initial data: d, = 0,2 m, E, = 3 - 10* MPa,
E =2-10°MPa,v,=0,2,v =0,3,¢ = 0,008 m,
F=1MN, M=0,1 MN - m, the column length is
taken equal 1 m. The loaded model of the problem
when solving in the ANSYS is shown in Fig. 5. The
obtained results are shown in Fig. 6—7.

The results of calculations in the MATLAB
software package according to the technique pre-
sented in the article by reducing the problem to
two-dimensional are shown in Fig. §—9.

92" [0
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Fig. 5. The finite element mesh used in the simulation x[m]
in ANSYS

Fig. 9. Concrete stress c, distribution in the section
of the CFST column (MATLAB)

The maximum values of 6_in concrete as cal-
culated in ANSYS and MATLAB were 3,44 MPa
and 3,50 MPa, respectively. The error is about 1,7%.
The maximum normal stresses in concrete were
1,57 MPa and 1,65 MPa, respectively.

It is important to note that a simplified elastic
model of concrete was used in the calculations, the

— (Y . Y
09252
-2.172 Min X

000 100.00 20000 (mm)
— T —

T material physical nonlinearity, as well as the dila-

Fig. 6. Concrete stress ¢ _distribution in the middle section tation effect. are not taken into account. As a result
of the CFST column (ANSYS) ’ ’

the negative stresses of compression from the side
of the tube are insignificant and are located in a
smaller part of the concrete section.

Conclusions

In the presented article, a method has been de-
veloped for reducing the problem of determining the
stress-strain state of short CFST columns to two-di-
mensional. Expressions for the stiffness matrices
elements of the column are obtained. To implement
the algorithm described in the work, a program was
written in MATLAB. The results obtained are com-

000 5000 100.00 {mm)
—
2500 7500

Fig. 7. Concrete stress G§ dlstl‘lbution ln the middle Section pared With the results Of Calculations in the modern
of the CFST column (ANSYS) finite element software ANSYS by modeling the
%y deformation of concrete with volumetric finite ele-

. ments, and the steel tube with shell ones. The re-
sulting error is within acceptable limits, while the
o " : use of plane finite elements together with bar ones
v according to the presented method significantly re-
duces the order of the FEM system of equations and

5 requires less resources.
In the calculations, the concrete was modeled
i as linearly elastic. Using the proposed approach, it
is possible to solve the problem in a physically non-

y [m]
-

o

I I O O O linear formulation, including taking into account
x[m] .
creep. When solving creep problems, the approach-
Fig. 8. Concrete stress ¢ _distribution in the section es presented in [6—10] can be used.

of the CFST column (MATLAB)

CrpoutenbcTBo u apxutektypa (2020). Tom 8. Boimyck 4 (29) @ _




Construction and Architecture (2020) Vol. 8. Issue 4 (29)

94

Jluteparypa

Grigoryan M.N., Urvachev P.M., Chepurnenko A.S., Polyak-
ova T.V. Determination of the ultimate load for centrally
compressed concrete filled steel tubular columns based on
the deformation theory of plasticity // IOP Conference Se-
ries: Materials Science and Engineering, 2020. Vol. 913. DOI
10.1088/1757-899X/913/2/022069.

Kpuwan A.JI. TIpoyHOCTb TPyOOOETOHHBIX KOJIOHH KBaapaT-
Horo ceueHust npu oceBoM cxkaruu [Tekct] / AJl. Kpuiuan,
A.C. MenbHnuyk // BectHUK MarHutoropckoro rocymap-
CTBEHHOTO TexHHuyeckoro yHusepcutera uM. [.M. Hocosa. —
2012. — Ne 3. — C. 51-54.

Reddy J.N. Energy principles and variational methods in ap-
plied mechanics. 2™ edition. New York, John Wiley, 2002. 608 p.

Camyab B.M. OCHOBBI TeOpUM YIPYTOCTU U TUIACTUYHOCTH
[Teker] / B.1. Camynb. — M.: Beictras mkona, 1982. — 264 c.
Segerlind L.J. Applied finite element analysis. New York, John
Wiley, 1976. 422 p.

Mailyan L.R., Chepurnenko A.S., Ivanov A. Calculation of
prestressed concrete cylinder considering creep of concrete //
Procedia Engineering, 2016. Vol. 165, pp. 1853—1857. DOI
10.1016/j.proeng.2016.11.933.

7.

10.

A3vie6 b.M. HanpsikeHHO-1ehOpMUPOBAHHOE COCTOSIHUE
MpeBAPUTEIBHO HATNPSIKEHHOTO KeJIe300€TOHHOTO  111-
JIMHApA ¢ ydeToM Ttonn3ydectu 6etoHa [ Tekcr] / B.M. fI3bieB,
A.C. Yenypuenko, C.B. JlutrBunos, M.Y0. Kosenbckas //
Hayunoe o6o3penue. — 2014. — Ne 11. — Y. 3. — C. 759—
763.

HOxnoe H.B. HanpskeHHO-AeDOPMUPOBAHHOE COCTOSI-
HME KOPOTKOTO BHELUEHTPEHHO CXAaToro XKeJle300€TOHHO-
TO CTepXHs Tpu HeauHelHou monsydectu / WU.B. KOxHoB,
B.M. {3bieB, A.C. Uenypuenko, C.B. JlutsuHoB // HayuHoe
o6o3penue. — 2014. — Ne 8. — Y. 3. — C. 929-934.
Yenypnenko A.C. KoHEYHO-3J1€MEHTHOE MOMAEIUPOBAHUE
nojsydecTu TpexcioitHoi riactuHbl [Texer] / A.C. Ye-
nypHeHko, B.C. Yenypnenko, A.A. CaBueHko // Momnonoit
uccaenosarenb Jdona. — 2017. — Ne 3. — URL: http://mid-
journal.ru/upload/iblock/508/95 102.pdf

Andpees B.H. Pacuer TpexcIOHON IMOJIOroii 000J0YKU C
ydeTom Tiosizydectu cpenHero ciost [Texer| / B.W. Annpees,
B.M. S3bieB, A.C. Yenypuenko, C.B. JlutBunos // BectHuk
MICY. —2015. — Ne 7. — C. 17-24.

References

Grigoryan M.N., Urvachev P.M., Chepurnenko A.S., Pol-
yakova T.V. Determination of the ultimate load for centrally
compressed concrete filled steel tubular columns based on
the deformation theory of plasticity // IOP Conference Se-
ries: Materials Science and Engineering, 2020. Vol. 913. DOI
10.1088/1757-899X/913/2/022069.

Krishan A.L. Prochnost' trubobetonnyh kolonn kvadratno-
go sechenija pri osevom szhatii [Strength of square-section
pipe-concrete columns under axial compression]. Vestnik
Magnitogorskogo gosudarstvennogo tehnicheskogo universiteta
im. G.1. Nosova [Bulletin of the Magnitogorsk State Technical
University. G.I. Nosov]. 2012. 1. 3, pp. 51—54.

Reddy J.N. Energy principles and variational methods in ap-
plied mechanics. 2" edition. New York, John Wiley, 2002.
608 p.

Samul' V.1. Osnovy teorii uprugosti i plastichnosti | Foundations
of the theory of elasticity and plasticity]. Moscow: Vysshaja
shkola Publ., 1982. 264 p.

Segerlind L.J. Applied finite element analysis. New York, John
Wiley, 1976. 422 p.

Mailyan L.R., Chepurnenko A.S., Ivanov A. Calculation of
prestressed concrete cylinder considering creep of concrete //

10.

Procedia Engineering, 2016. Vol. 165, pp. 1853—1857. DOI
10.1016/j.proeng.2016.11.933.

Jazyev B.M. Naprjazhenno-deformirovannoe sostojanie
predvaritel'no naprjazhennogo zhelezobetonnogo cilindra
s uchetom polzuchesti betona [Stress-strain state of a pre-
stressed reinforced concrete cylinder, taking into account the
creep of concrete|. Nauchnoe obozrenie |Scientific Review].
2014. 1. 11, pp. 759-763.

Juhnov L.V. Naprjazhenno-deformirovannoe sostojanie korot-
kogo vnecentrenno szhatogo zhelezobetonnogo sterzhnja pri
nelinejnoj polzuchesti [Stress-strain state of a short eccentri-
cally compressed reinforced concrete bar with nonlinear creep].
Nauchnoe obozrenie [Scientific Review]. 2014. 1. 8, pp. 929—934.
Chepurnenko A.S. Konechno-jelementnoe modelirovanie
polzuchesti trehslojnoj plastiny [Finite element modeling of
creep of a three-layer plate]. Molodoj issledovatel’ Dona [Don’s
young explorer]. 2017. 1. 3. URL: http://mid-journal.ru/up-
load/iblock/508/95 102.pdf

Andreev V.I. Raschet trehslojnoj pologoj obolochki s uchetom
polzuchesti srednego sloja [Calculation of a three-layer shal-
low shell taking into account the creep of the middle layer].
Vestnik MGSU |Vestnik MGSU]. 2015. 1. 7, pp. 17—24.

RIOR

CtpoutenbcTBo 1 apxutekTypa (2020). Tom 8. Boimyck 4 (29)



